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A perturbation result for the Qγ curvature problem
on Sn
Guoyuan Chen and Youquan Zheng
Abstract. We consider the problem of prescribing the Qγ curvature on S
n. Using
a perturbation method, we obtain existence results for curvatures close to a positive
constant.
1. Introduction
Let (M, g0) be a C
∞ compact Riemannian manifold of dimension n ≥ 3. The famous
Yamabe problem concerns the existence of a metric conformal to g0 with constant scalar
curvature. This corresponds to solve the following partial differential equation
−∆g0v +
n− 2
4(n− 1)
Rg0v =
n− 2
4(n− 1)
Rgv
n+2
n−2 , v > 0, (1.1)
where Rg ≡ constant is the scalar curvature of g.
The linear operator which appears as the first two terms on the left of (1.1) is known as
the conformal Laplacian associated to the metric g0 and denoted as P
g0
1 . It is conformally
covariant in the sense that if f is any smooth function and g = v
4
n−2 g0 for some v > 0,
then
P g01 (vf) = v
n+2
n−2P g1 (f). (1.2)
Setting f ≡ 1 in (1.2) yields the familiar relationship (1.1) between the scalar curvatures
Rg0 and Rg. Another conformally covariant operator is
P g2 = (−∆g)
2 − divg(anRgg + bnRicg)d+
n− 4
2
Qgn,
which was discovered by Paneitz in the 1980s, see [39] and [16]. Here Qgn is the standard
Q-curvature, Ricg is the Ricci curvature of g and an, bn are constants depending on n.
P1 and P2 (in the following, the superscript g is omitted when there is no ambiguity)
are the first two of a sequence of conformally covariant elliptic operators, Pk, which exist
for all k ∈ N if n is odd, but only for k ∈ {1, · · ·, n/2} if n is even. The first construction
of these operators was given by Graham-Jenne-Masion-Sparling in [26]. In that paper,
Key words and phrases. Fractional Paneitz operator, Qγ curvature, Conformally covariant elliptic
operators, Perturbation methods.
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the authors used the ambient metric construction of Fefferman and Graham systemati-
cally to construct conformally invariant powers of the Laplacian. In odd dimensions this
construction is unobstructed but for dimension n = 2m gives an invariant form of (−∆)k
only for k ≤ m. In [25], Graham showed that this result cannot be improved in four
dimension.
This leads naturally to the question whether there exist any conformally covariant
pseudodifferential operators of noninteger orders. In [40], the author constructed an
intrinsically defined conformally covariant pseudo-differential operator of arbitrary real-
number order acting on scalar functions. In the work of Graham and Zworski [27], they
proved Pk can be realized as residues at the values γ = k of a meromorphic family of
scattering operators. Using this opinion, one obtains a holomorphic family of elliptic
pseudodifferential operators P gγ for noninteger γ. We will recall this definition in Section
2. An alternative construction of these operators has been obtained by Juhl in [31] and
[30].
In recent years, there are extensive works on the properties of fractional Laplacian op-
erators as non-local operators together with applications to free-boundary value problems
and non-local minimal surfaces, for example, [8], [7], [10], [9], [11] and so on. Mathemat-
ically, (−∆)γ is defined as
(−∆)γu = C(n, γ)P.V.
∫
Rn
u(x)− u(y)
|x− y|n+2γ
dy = C(n, γ) lim
ε→0+
∫
Bcε(x)
u(x)− u(y)
|x− y|n+2γ
dy.
Here P.V. is a commonly used abbreviation for ‘in the principal value sense’ and C(n, γ) =
pi−(2γ+n/2) Γ(n/2+γ)
Γ(−γ)
. It is well known that (−∆)γ on Rn with γ ∈ (0, 1) is a nonlocal
operator. In the remarkable work of Caffarelli and Silvestre [8], the authors express this
nonlocal operator as a generalized Dirichlet-Neumann map for a certain elliptic boundary
value problem with local differential operators defined on the upper half-space Rn+1+ =
{(x, t) : x ∈ Rn, t > 0}. That is, given a solution u = u(x) of (−∆)γu = f in Rn, one can
equivalently consider the dimensionally extended problem for u = u(x, t), which solves{
div(t1−2γ∇u) = 0, in Rn+1+ ,
−dγt1−2γ∂tu|t→0 = f, on ∂R
n+1
+ .
Here the positive constant dγ > 0 is explicitly given by
dγ = 2
2γ−1 Γ(γ)
Γ(1− γ)
.
In the work of Chang and Gonzalez [13], they extended the work of [8] and characterized
Pγ as such a Dirichlet-to-Neumann operator on a conformally compact Einstein manifold.
We focus only on the operators Pγ when γ ∈ R and |γ| ≤
n
2
. These operators have
the following conformally covariant properties: if g = v
4
n−2γ g0, then
P g0γ (vf) = v
n+2γ
n−2γP gγ (f) (1.3)
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for any smooth function f . Generalizing the formula for scalar curvature and the Paneitz-
Branson Q-curvature, the Q-curvature for g of order γ is defined as
Qgγ = P
g
γ (1).
Thus one can consider the ‘fractional Yamabe problem’: given a metric g0 on a compact
manifold M , find a function v > 0 on M such that if g = v
4
n−2γ g0, then Q
g
γ is constant.
By (1.3), one has to solve the equation
P g0γ v = Q
g
γv
n+2γ
n−2γ , v > 0 on M
with Qgγ ≡ constant. In this direction, we refer the interested readers to the papers [24],
[23], [41], [29], [28] and the references therein.
Also, one has the ‘prescribing Qγ curvature problem’: given a metric g0 on a compact
manifold M and a smooth function Q on M , find v > 0 so that if g = v
4
n−2γ g0, then
Qgγ = Q. By (1.3), this amounts to solve
P g0γ v = Qv
n+2γ
n−2γ , v > 0 on M.
In this paper, we consider the prescribing Qγ curvature problem on S
n,
P gcγ v = Qv
n+2γ
n−2γ , v > 0 on Sn. (1.4)
Here gc denotes the canonical metric on S
n. Let N be the north pole of Sn and
F : Rn → Sn \ {N}, x 7→
(
2x
1 + |x|2
,
|x|2 − 1
|x|2 + 1
)
be the inverse of stereographic from Sn \ {N} to Rn. Then
P gcγ (φ) ◦ F = |JF |
−n+2γ
2n (−∆)γ(|JF |
n−2γ
2n (φ ◦ F )) for all φ ∈ C∞(Sn),
where |JF | =
(
2
1+|x|2
)n
and (−∆)γ is the fractional Laplacian operator. Hence u(x) =
|JF |
n−2γ
2n v(F (x)) satisfies the following Qγ curvature problem,
(−∆)γu = (Q ◦ F )u
n+2γ
n−2γ , u > 0 on Rn. (1.5)
We assume that Q ◦ F is of form
Q ◦ F = 1 + εK(x),
where ε is a small real number and K(x) satisfies the following conditions:
(K1) K ∈ L∞(Rn) ∩ C2(Rn) and ∃ η > 0 such that
when |x| ≥ η, 〈K ′(x), x〉 < 0,
and
〈K ′(x), x〉 ∈ L1(Rn),
∫
Rn
〈K ′(x), x〉dx < 0;
(K2) K has finitely many critical points (denote the set of critical points as Crit(K));
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(K3) ∀ξ ∈ Crit(K), there exist β = βξ ∈ (1, n) and a function Qy : Rn → R, depending
continuously on y locally near ξ, such that Aξ :=
1
p+1
∫
Rn
Qξ(y)z
p+1
0 (y)dy 6= 0 and
Qy(λx) = λ
βQy(x), ∀λ ≥ 0,
K(x) = K(y) +Qξ(x− y) + o(|x− y|
β), as x→ y;
(K4)
∑
Aξ<0
degloc(K
′, ξ) 6= (−1)n.
Our main theorem is
Theorem 1.1. Suppose γ ∈ (0, n/2) and K satisfies (K1)-(K4). Then for ε small,
problem (1.5) has a solution uε of class C
∞ and lim|x|→0 u(x) = 0. Equivalently, the Qγ
curvature problem (1.4) is solvable when Q is of form 1 + εK ◦ F−1 and ε is small.
As a corollary, we have
Corollary 1.2. Suppose γ ∈ (0, n/2), K satisfies (K1), (K2) and one of the follow-
ing conditions:
(K5) ∆K(ξ) 6= 0 for each ξ ∈ Crit(K) and∑
∆K(ξ)<0
degloc(K
′, ξ) 6= (−1)n.
(K6) ∀ξ ∈ Crit(K), ∃β ∈ (1, n) and aj ∈ C(Rn), with A˜ξ :=
∑
aj(ξ) 6= 0 and such
that K(x) = K(η) +
∑
aj |x− η|β + o(|x− η|β) as x→ η, for all η locally near ξ.
Moreover there results ∑
A˜ξ<0
degloc(K
′, ξ) 6= (−1)n.
Then for ε small, problem (1.5) has a solution uε of class C
∞ and lim|x|→0 u(x) = 0.
Equivalently, the Qγ curvature problem (1.4) is solvable when Q is of form 1 + εK ◦ F−1
and ε is small.
When γ = 1, Theorem 1.1 and Corollary 1.2 was proved in [3]. Condition (K5) was
essentially the case handled in [6] and (K6) was discussed in [32] and [34]. To prove the
main theorem, we will use a perturbed method. For this method and its applications, we
refer the reader to [3],[37], [5] and the references therein.
This paper is organized as follows: in Section 2, we will briefly describe the work
of Graham and Zworski [27] and the notation of the fraction Paneitz operator Pγ . A
abstract perturbation theorem will be included in Section 3. In Section 4-6, we will verify
the conditions of the abstract theorem to obtain a positive smooth solution.
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2. Fractional Paneitz operators and the Qγ curvature.
In this section, we briefly recall the definition of the fractional Paneitz operators and
the Qγ curvature. The main references are [13], [27] and [18].
Let M be a compact manifold of dimension n with a metric gˆ. Suppose that Xn+1 is
a smooth manifold with boundary ∂Xn+1 = M . A defining function ρ of the boundary
M in X is a smooth function on X such that
(1) ρ > 0 in X ;
(2) ρ = 0 on M ;
(3) dρ 6= 0 on M .
A complete Riemannian metric g on X is said to be conformally compact of regularity
Ck,α if ρ2g extends to be a Ck,α compact Riemannian metric on X for a defining function
ρ of the boundary M in X .
Given a conformally compact, asymptotically hyperbolic manifold (Xn+1, g+) and a
representative gˆ in [gˆ] on the conformal infinity M , there is a uniquely defining function
ρ such that, on M × (0, δ) in X , g+ has the normal form g+ = ρ−2(dρ2 + gρ), where gρ is
a one-parameter family of metrics on M satisfying gρ|M = gˆ. From [27] or [38], we know
that given f ∈ C∞(M) and s ∈ C, the eigenvalue problem
−∆g+u− s(n− s)u = 0, in X
has a solution of the form
u = Fρn−s +Hρs, F,H ∈ C∞(X), F |ρ=0 = f,
for all s ∈ C unless s(n − s) belongs to the pure point spectrum of −∆g+ . Then, the
scattering operator on M is defined as S(s)f = H|M . It is a meromorphic family of
pseudo-differential operators in Re(s) > n/2. The values s = n/2, n/2 + 1, n/2 + 2, · · ·
are simple poles of finite rank, these are known as the trivial poles; S(s) may have other
poles.
Then one can define the fractional Paneitz operators as follows: for s = n/2 + γ,
γ ∈ (0, n/2), γ 6∈ N, set
Pγ[g
+, gˆ] := dγS(n/2 + γ), dγ = 2
2γ Γ(γ)
Γ(−γ)
.
The principal symbol of Pγ is equal to the principal symbol of the fractional Laplacian
(−∆gˆ)γ . Thus Pγ = (−∆gˆ)γ+Ψγ−1, where Ψγ−1 is a pseudo-differential operator of order
γ − 1.
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For a conformal change of metric
gˆv = v
4
n−2γ gˆ, v > 0,
Pγ[g
+, gˆ] satisfies
Pγ[g
+, gˆv]φ = v
−n+2γ
n−2γPγ[g
+, gˆ](vφ),
for all smooth functions φ, see [27]. The Qγ curvature is defined to be
Qγ [g
+, gˆ] := Pγ[g
+, gˆ](1).
Therefore, we have
Pγ[g
+, gˆ]v = v
n+2γ
n−2γQγ[g
+, gˆv].
When γ = k ∈ N, Pk are the conformally invariant powers of the Laplacian constructed
in the classical paper by Graham, Jenne, Mason and Sparling [27], or Fefferman and
Graham [18]. They are local operators and satisfy
Pk = (−∆)
k + lower order terms.
For examples, when k = 1, it is the conformal Laplacian,
P1 = −∆g +
n− 2
4(n− 1)
Rg,
and when k = 2, it is the Paneitz operator ([39] and [16])
P2 = (−∆g)
2 − divg(anRgg + bnRicg)d+
n− 4
2
Qgn.
3. The abstract perturbation method.
In this section, we recall some abstract perturbation results, variational in nature,
developed in [4] and [2], which we will use to obtain our existence results.
Let E be a Hilbert space and let f0, G ∈ C
2(E,R) be given. Consider the perturbed
functional
fε(u) = f0(u)− εG(u).
Suppose that f0 satisfies:
(i) f0 has a finite dimensional manifold Z of critical points; we assume that Z is
parameterized by a function α : A→ Z, A being an open subset of Rd, d ≥ 1;
(ii) for all z ∈ Z, D2f0(z) is a Fredholm operator with index zero;
(iii) for all z ∈ Z, there holds TzZ = kerD2f0(z).
We define Γ : A → R as Γ = G ◦ α. The following theorem was proved in [4], see
Theorem 2.1 and Remark 2.2 in [3].
Theorem 3.1. Let f0 satisfies (i)-(iii) above and suppose that there exists an open
subset Ω ⊆ A such that Γ′ 6= 0 on ∂Ω and
deg(Γ′,Ω, 0) 6= 0 (3.1)
Then for |ε| small enough there exists a critical point uε of fε.
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The inclusion TzZ ⊆ kerD2f0(z) is always true and condition (iii) is a non-degeneracy
condition which allows to apply the Implicit Function Theorem. The solution uε is close
to Z in the sense that there exists zε ∈ Z, such that ‖uε − zε‖ ≤ Cε, for some constant
C depending on Ω, f0 and G.
4. The variational space
In this section, we first recall some useful facts of the fractional order Sobolev spaces,
then we choose the variational space that is suitable for our argument. For more details,
please see, for example, [1], [42], [15].
Consider the Schwartz space S of rapidly decaying C∞ functions on Rn. The topology
of this space is generated by the seminorms
pN(ϕ) = sup
x∈Rn
(1 + |x|)N
∑
|α|≤N
|Dαϕ(x)|, N = 0, 1, 2, · · ·,
where ϕ ∈ S. Let S ′ be the set of all tempered distributions, which is the topological
dual of S. As usual, for any ϕ ∈ S, we denote by
Fϕ(ξ) =
1
(2pi)n/2
∫
Rn
e−iξ·xϕ(x)dx
the Fourier transformation of ϕ and we recall that one can extend F from S to S ′.
When γ ∈ (0, 1), the space Hγ(Rn) = W γ,2(Rn) is defined by
Hγ(Rn) =
{
u ∈ L2(R2) :
|u(x)− u(y)|
|x− y|n/2+γ
∈ L2(Rn × Rn)
}
=
{
u ∈ L2(R2) :
∫
Rn
(1 + |ξ|2γ)|Fu(ξ)|2dξ < +∞
}
and the norm is
‖u‖γ := ‖u‖Hγ(Rn) =
(∫
Rn
|u|2dx+
∫
Rn
∫
Rn
|u(x)− u(y)|2
|x− y|n+2γ
dxdy
)1/2
.
Here the term
[u]γ := [u]Hγ(Rn) =
(∫
Rn
∫
Rn
|u(x)− u(y)|2
|x− y|n+2γ
dxdy
)1/2
is the so-called Gagliardo (semi) norm of u. The following identity yields the relation
between the fractional operator (−∆)γ and the fractional Sobolev space Hγ(Rn),
[u]Hγ(Rn) = C
(∫
Rn
|ξ|2γ|Fu(ξ)|2dξ
)1/2
= C‖(−∆)γ/2u‖L2(Rn)
for a suitable positive constant C depending only on γ and n.
When γ > 1 and it is not an integer we write γ = m+ σ, where m is an integer and
σ ∈ (0, 1). In this case the space Hγ(Rn) consists of those equivalence classes of functions
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u ∈ Hm(Rn) whose distributional derivatives DJu, with |J | = m, belong to Hσ(Rn),
namely
Hγ(Rn) =
{
u ∈ Hm(Rn) : DJu ∈ Hσ(Rn) for all J with |J | = m
}
and this is a Banach space with respect to the norm
‖u‖γ := ‖u‖Hγ(Rn) =

‖u‖2Hm(Rn) + ∑
|J |=m
‖DJu‖2Hσ(Rn)


1/2
.
Clearly, if γ = m is an integer, the space Hγ(Rn) coincides with the usual Sobolev space
Hm(Rn).
Theorem 3.1 will be applied here to the following setting:
E = Dγ(Rn) := {u ∈ L
2n
n−2γ (Rn) : ‖(−∆)γ/2u‖L2(Rn) <∞}
with norm ‖u‖Dγ(Rn) = ‖(−∆)
γ/2u‖L2(Rn),
f0(u) =
1
2
∫
Rn
|(−∆)
γ
2u(x)|2dx−
n− 2γ
2n
∫
Rn
u+
2n
n−2γ dx,
G(u) =
n− 2γ
2n
∫
Rn
K(x)u+
2n
n−2γ dx,
where u+ = max{u, 0}. In the reminder of this paper, we will show that conditions (i)-(iii)
and (3.1) hold true.
5. The unperturbed problem.
In this section, we consider the unperturbed equation,
(−∆)γu = u
n+2γ
n−2γ , u > 0 on Rn. (5.1)
This equation arises from the Hardy-Littlewood-Sobolev inequality, which states the
existence of a positive number S such that for all u ∈ C∞0 (R
n), one has
S‖u‖L2∗(Rn) ≤ ‖(−∆)
γ/2u‖L2(Rn), (5.2)
where 2∗ = 2n
n−2γ
. The optimal constant in (5.2) was first found by Lieb in [36]. Lieb
established that the extremals corresponding precisely to functions of form
zµ,ξ(x) = α
(
µ
µ2 + |x− ξ|2
)n−2γ
2
, α > 0, µ > 0, ξ ∈ Rn, (5.3)
which for suitable α = αn,γ solves (5.1). Alternative proofs for this result were established
in [21], [22] and [12]. Indeed, under some decay assumptions, (5.3) are the only solutions
for (5.1). In [14], Chen, Li and Ou proved that every positive solution u ∈ L
2n
n−2γ
loc (R
n) to
(5.1) are of the form (5.3). Similar results were also proved in [33] and [35].
To apply the perturbation argument, some type of non-degeneracy condition is re-
quired. Checking this condition will be much harder than in the classical case, since it is
usually very difficult to compute explicitly fractional derivatives and singular integrals.
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The linearized equation of (5.1) is
(−∆)γφ = pup−1φ, (5.4)
where p = n+2γ
n−2γ
. In [17], the following non-degeneracy result was proved.
Theorem 5.1. ([17]) The solutions
zµ,ξ(x) = αn,γ
(
µ
µ2 + |x− ξ|2
)n−2γ
2
, µ > 0, ξ ∈ Rn,
of (5.1) is nondegenerate in the sense that all bounded solutions of equation (5.4) with
u = zµ,ξ are linear combination of the functions
∂µzµ,ξ, ∂ξizµ,ξ, 1 ≤ i ≤ n.
For the fractional nonlinear Schro¨dinger equation
(−∆)γu+ u = |u|αu on Rn, (5.5)
where α ∈ (0, 4γ/(n − 2γ)) when 0 < γ < n/2 and α ∈ (0,∞) when γ ≥ n/2, Frank,
Lenzmann and Silvestre proved the nondegeneracy of solutions of (5.5), see [19] and [20].
Let Z be defined as
Z = {zµ,ξ : µ ∈ R+, ξ ∈ R
n}.
All the functions in Z are critical points of f0 and Z is a n + 1 dimensional manifold
in E = Dγ(Rn) parameterized by the map α : A = R+ × Rn → E, α(µ, ξ) = zµ,ξ. So
condition (i) holds.
It is easy to see that D2f0(z) is a Fredholm operator with index zero for all z ∈ Z. So
condition (ii) holds.
From Theorem 5.1, condition (iii) holds.
6. Proof of the main results.
In this section, we will show that under the hypotheses of Theorem 1.1, (3.1) is satisfied
for some suitable set Ω and complete the proof.
From the definition of Γ (see Section 3), we have
Γ(µ, ξ) =
1
p+ 1
∫
Rn
K(x)zp+1µ,ξ (x)dx
=
1
p+ 1
∫
Rn
K(µy + ξ)zp+10 (y)dy.
Here z0 := z1,0 = αn,γ(
1
1+|x|2
)(n−2γ)/2.
Lemma 6.1. Γ can be extended to Rn+1 as a C1 function.
Proof. First, we extend Γ to the hyperplane {(0, ξ) : ξ ∈ Rn} by
Γ(0, ξ) =
1
p+ 1
∫
Rn
K(ξ)z0(y)
p+1dy ≡ c0K(ξ),
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where c0 =
1
p+1
∫
Rn
z0(y)
p+1dy. A direct computation tells
DµΓ(µ, ξ) =
1
p+ 1
∫
Rn
〈K ′(µy + ξ), y〉zp+10 (y)dy.
Since ∫
Rn
yiz
p+1
0 (y)dy = 0 for all i = 1, · · ·, n,
one has
DµΓ(0, ξ) = 0. (6.1)
So by symmetry, Γ can be extended to Rn+1 as a C1 function. 
We will still denote this extended function as Γ.
Remark 6.2. From (6.1), it holds that
ξ ∈ Crit(K)⇔ (0, ξ) ∈ Crit(Γ).
To prove (3.1), we need the following lemmas.
Lemma 6.3. Suppose that K satisfies condition (K1). Then there exists R > 0 such
that
〈Γ′(µ, ξ), (µ, ξ)〉 < 0 for all |µ|+ |ξ| ≥ R.
Lemma 6.4. Suppose that K ∈ L∞(Rn) ∩ C2(Rn). Then
D2µ,ξiΓ(0, ξ) = 0, ∀i = 1, · · ·, n,
D2µ,µΓ(0, ξ) = c1∆K(ξ),
where
c1 =
1
N(p+ 1)
∫
Rn
|y|2zp+10 dy.
Lemma 6.5. Suppose (K3) hold. Then
lim
µ→0+
Γ(µ, ξ)− Γ(0, ξ)
µβ
= Aξ. (6.2)
Lemma 6.6. Suppose (K2) and (K3) hold. Then q = (0, ξ) is an isolated critical point
of Γ and the following results hold,
Aξ > 0⇒ degloc(Γ
′, q) = degloc(K
′, ξ)
Aξ < 0⇒ degloc(Γ
′, q) = −degloc(K
′, ξ).
The proof of Lemma 6.3, 6.4, 6.5 and 6.6 is similar to [3], so we omit it.
Let R ≥ η, where η is the constant in condition (K1). Set BnR = {x ∈ R
n : |x| < R}.
From (K1), we have
〈K ′(x), x〉 < 0 for all |x| = R.
Thus we obtain
deg(K ′, BnR, 0) = (−1)
n.
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By the properties of the topological degree, the above formula is equivalent to∑
ξ∈Crit(K)
degloc(K
′, ξ) = (−1)n.
Since Aξ 6= 0 for all ξ ∈ Crit(K), we also have∑
Aξ>0
degloc(K
′, ξ) +
∑
Aξ<0
degloc(K
′, ξ) = (−1)n. (6.3)
Let ϑ+ = {(µ, ξ) ∈ Crit(Γ) : µ > 0}. Then we have
Lemma 6.7. ϑ+ is a (possibly empty) compact set.
Proof. From Lemma 6.3, we have that ϑ+ is bounded. Since (6.2) holds, Γ does
not have critical points in a sufficiently small neighborhood of (0, ξ). Therefore, ϑ+ is
compact. 
By the evenness of Γ is in µ, ϑ− = {(−µ, ξ) : (µ, ξ) ∈ ϑ+} also consists of critical
points of Γ.
Lemma 6.8. There is a bounded open set Ω ⊂ (0,∞)× Rn with ϑ+ ⊂ Ω such that
deg(Γ′,Ω, 0) 6= 0.
Proof. By Lemma 6.3 it holds that
deg(Γ′, Bn+1R , 0) = (−1)
n+1.
Suppose the conclusion is not true, let Ω be an open bounded set such that
ϑ+ ⊂ Ω ⊂ (0,∞)× Rn
and
deg(Γ′,Ω, 0) = 0.
Let Ω− = {(−µ, ξ) : (µ, ξ) ∈ Ω} and Ω′ = Ω ∪ Ω−. Then
deg(Γ′,Ω−, 0) = 0.
Hence
deg(Γ′, Bn+1R \ Ω
′, 0) = (−1)n+1.
By remark 6.2, any q ∈ Crit(Γ) \ (ϑ+ ∪ ϑ−) has the form q = (0, ξ) for some ξ ∈ Crit(K).
Then by Lemma 6.6,
(−1)n+1 = deg(Γ′, Bn+1R \ Ω¯
′, 0) =
∑
degloc(Γ
′, q)
=
∑
Aξ>0
degloc(K
′, ξ)−
∑
Aξ<0
degloc(K
′, ξ).
From (6.3), one obtains ∑
Aξ<0
degloc(K
′, ξ) = (−1)n,
a contradiction with (K4). 
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Thus (3.1) is satisfied.
Proof of Theorem 1.1: Existence: Since all the conditions of Theorem 3.1 are
satisfied, we find a critical point uε ∈ Dγ(Rn) of fε. It is a weak solution of problem (1.5)
in the sense that∫
Rn
(−∆)
γ
2u(x)(−∆)
γ
2φ(x)dx =
∫
Rn
(1 + εK(x))u+(x)
n+2γ
n−2γ φ(x)dx,
for any φ ∈ Dγ(Rn).
Positivity: For any φ ∈ C∞0 (R
n), let
ψ(x) =
∫
Rn
φ(y)
|x− y|n−2γ
.
Then (−∆)γψ = φ and so ψ ∈ Dγ(Rn). Therefore, we have∫
Rn
(−∆)
γ
2u(x)(−∆)
γ
2ψ(x)dx =
∫
Rn
(1 + εK(x))u+(x)
n+2γ
n−2γψ(x)dx.
Integration by parts of the left-hands side and exchanging the order of integration of the
right-hand side yields∫
Rn
u(x)φ(x)dx =
∫
Rn
{∫
Rn
(1 + εK(y))u+(y)
n+2γ
n−2γ
|x− y|n−2γ
dy
}
φ(x)dx.
Since φ is any function in C∞0 (R
n), we conclude that
u(x) =
∫
Rn
(1 + εK(y))u+(y)
n+2γ
n−2γ
|x− y|n−2γ
dy.
Thus u ≥ 0 and it satisfies
u(x) =
∫
Rn
(1 + εK(y))u(y)
n+2γ
n−2γ
|x− y|n−2γ
dy. (6.4)
Since u 6= 0, from this formula, we have u(x) > 0.
Regularity: Minor modification of the proof of Theorem 1.2 in [33] and from the
integral formula (6.4) of u, we have u ∈ C∞(Rn).
Since u ∈ Dγ(Rn), lim|x|→0 u(x) = 0. Thus this solution can be lifted to the sphere
Sn.
This completes the proof.
Proof of Corollary 1.2: In the case of (K5), let β = 2 and Qξ = D
2
ijK(ξ)(x − ξ)
2
in (K3). Then we have Aξ = c1∆K(ξ) 6= 0. So Theorem 1.1 can be applied. In case of
(K6), set
Aξ =
∑
aj(ξ) ·
∫
Rn
|y1|
βzp+10 dy 6= 0
and Theorem 1.1 can be applied.
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